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1.  I n t r o d u c t i o n
     I n  t h i s  n o t e  a  p o l y g o n a l  s u r f a c e  p a t c h  i n t e r p o l a n t  i s  p r e s e n t e d  w h i c h  
w i l l  f i l l  a n  n - s i d e d  h o l e  w i t h i n  a  C 2  p a r a m e t r i c  c o n t i n u o u s  r e c t a n g u l a r  
p a t c h  c o mpl e x .  T h e  p o l y g o n a l  p a t c h  i n t e r p o l a n t  i s  b a s e d  o n  a  c o n v e x  c o m-  
b i n a t i o n  c o n s t r u c t i o n ,  w i t h  a p p r o p r i a t e  c h o i c e  o f  t h e  b o u n d a r y  d a t a  t o  e n s u r e  
g e o me t r i c  c o n t i n u i t y  o f  o r d e r  2  w i t h  t h e  a d j o i n i n g  r e c t a n g u l a r  p a t c h e s   ).GC( 2
      A  me t h o d  f o r  s o l v i n g  t h e  g e n e r a l   p r o b l e m i s  p r e s e n t e d  i n  [ G r e g o r y  kGC
and  Hahn  ‘87 ] .  Th i s  me thod  i nvo lve s  t he   r e p a r a me t e r i z a t i o n  o f  t h e  s u r f a c e  kC
a r o u n d  t h e  h o l e  s o  t h a t  i t  i s  d e f i n e d  o n  t h e  e x t e r i o r  o f  a  r e g u l a r  p o l y g o n .  
T h e  me t h o d  f o r  t h e  p a r t i c u l a r  C 2  c a se  p roposed  he r e  i s  d i f f e r en t ,  howeve r ,  i n  
t h a t  i t  i n v o l v e s  t h e  d i r e c t  u s e  o f  g e o me t r i c  G C 2  c o n t i n u i t y  c o n d i t i o n s  i n  t h e  
d e v e l o p me n t  o f  t h e  p a t c h .  
       We  w i l l  ma k e  u s e  o f  g e o me t r i c  c o n t i n u i t y  c o n d i t i o n s  b e t w e e n  p a t c h e s  i n  
t h e  t o t a l  d e r i v a t i v e  f o r m g i v e n  i n  [ G r e g o r y  a n d  H a h n  ‘ 8 6 ] .  T h e  p r e s e n t  p a p e r  
c a n  b e  c o n s i d e r e d  a s  a  s e q u e l  t o  t h i s  e a r l i e r  p a p e r  i n  t h a t  i t  p r o v i d e s  a  
s o l u t i o n  t o  t h e  p o l y g o n a l  p a t c h  p r o b l e m p o s e d  t h e r e .   We  b e g i n  b y  b r i e f l y  r e -
v i e w i n g  t h e  c o n d i t i o n s  f o r  g e o me t r i c  c o n t i n u i t y  b e t w e e n  p a t c h e s .  F u r t h e r  
details can be found in the earlier paper or in [Hahn ‘87] of these p r oc e e d i n g s ,  
w h e r e  a  f u l l  d i s c u s s i o n  o f  g e o me t r i c  c o n t i n u i t y  i s  g i v e n  t o g e t h e r  w i t h  
a p p r o p r i a t e  r e f e r e n c e s .  
2 .  C ond i t i ons  fo r  Geome t r i c  Con t i nu i t y  be tween  Pa t ches
L e t   and  be two parametr ic  surface patches def ined 3RIp:p →Ω 3RIq:q →Ω
on closed polygonal domains  and  (We are specifically concerned 2RIp⊂Ω .2RIq ⊂Ω
with  the  case  of   a  rec tangle  and  qΩ pΩ  an  n-s ided  polygon. )  Assume tha t  p  a nd  
q  a r e  r e g u l a r  C 2  m a p s  a n d  l e t  a n d  b e  r e g u l a r  2p RI]1,0[:e → 2q RI]1,0[:e →
parametr ic  representat ions of  boundary segments  of  pΩ  and qΩ  respect ively.  
Then the following proposit ion is based on Lemma 2.1 of [Gregory and Hahn ‘ 86 ] ,  
w h e r e ,  f o r  n o t a t i o n a l  c o n v e n i e n c e ,  w e  h a v e  r e v e r s e d  t h e  r o l e s  o f  p  a n d  q  
f r o m t h e  e a r l i e r  p a p e r .  
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Propos i t ion  1 .   The  pa tches  p  and  q  have  a  GC 2  jo in  across  the i r  respec t ive  
boundary  segments   and  ,  i f  there  ex is t s  a  Cpe qe
2  d i f feomorphism  ,RIRI: 22 →φ
def ined  in  a  ne ighbourhood of  ,  which  i s  such  tha t :  pe
( i )    (Domain  cont inua t ion)   and  in te r ior  po in ts  of  pq ee oφ= qΩ  are  mapped 
f rom exter ior  po in ts  of  pΩ .  
( i i )  (Pa tch  cont inu i ty)  Given  any  (non-zero)  t ransversa l  vec tor  f ie ld  U(s)  
def ined  on  ,  then  )s(ep
( ) .1s0allfor,2,1,0i)),s(iU()s(e)q(isiU)s(epi pp ≤≤=φ∂=⎟⎠⎞⎜⎝⎛∂ o     (2.1) 
Here ,  xp∂  i s  the  f i r s t  der iva t ive  l inear  map,  x2p∂  i s  the  second der iva t ive  
summetr ic  b i l inear  map a t  and   denotes  the  i - tup le  (U(s) , . . . ,U(s ) ) .  2RIx∈ )s(Ui
Expanding  the  r igh t  hand  s ides  of  (2 .1)  us ing  the  cha in  and  product  ru les ,  
and  wr i t ing  
)),s(U),s(U()s(W)),s(U()s(V )s(e
2
)s(e pp φ∂=φ∂=       (2.2) 
leads  to  the  fo l lowing  propos i t ion ,  the  suf f ic iency  of  which  i s  p roved  in  
[Gregory  and  Hahn ‘86] ,  ( see  a l so  [Hahn ‘87]  for  a  weaker  form of  the  
propos i t ion) .  
Propos i t ion  2 .  Le t   be  a  C2RI]1,0[:U → 2  (non-zero)  vec tor  f ie ld  which  i s  
t ransversa l  to   in  an  inward  d i rec t ion .   Then  the  pa tches  p  and  q  have  a  pe
2GC  jo in  i f f .  there  ex is t  ( i )  a  (non-zero)   vec tor  f ie ld   1C ,RI]1,0[:V 2→
t ransversa l  to   in  an  outward  d i rec t ion ,  and  ( i i )  a   vec tor  f ie ld  qe
0C
,RI]1,0[:W 2→  which  a re  such  tha t  
)),s(qe(q))s(pe(p =            (2.3) 





∂+∂=∂      (2.5) 
Our f inal  proposi t ion is  concerned with geometr ic  cont inui ty  between pa tches     
p  a n d  q ,  w h e n  p  i s  d e f i n e d  a s  a  c o n v e x  c o m b i n a t i o n  o f  t w o  p a t c h e s   a n d  p1p 2 .  
I t  was  obse rved  i n  [Grego ry  and  Hahn  ‘86 ]  t ha t  GC 2  c on t i nu i t y  be twe e n   and  q ,  1p
a n d  b e t w e e n  p 2  a n d  q ,  i s  n o t  s u f f i c i e n t  t o  e n s u r e   c o n t i n u i t y  b e t w e e n  t h e  2GC
p a t c h e s  p  and  q .  The  fo l lowing  propos i t ion ,  which  g ives  a  suf f ic ien t  
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cond i t i on  fo r  a  GC 2  j o in ,  w i l l  b e  u se d  i n  t he  de ve lopme n t  o f  t he  po lygona l  
p a t c h .  
P ropos i t i on  3 .  L e t   have  GC,2,1i,3RIp:ip =→Ω 2  j o i n s  w i t h  i n  3q RI:q →Ω
t he  s ense  o f  P ropos i t i on  2 .  Thus  
))s(qe(q)s(pe(ip =            (2.6) 





∂+∂=∂                        (2.8)  
f o r  app rop r i a t e ly  de f i ned  vec to r  f i e l d s  U( s ) ,  ( s ) ,  ( s ) ,  i = 1 , 2 .  L e t  iV iW
3
p RI:p →Ω be  de f ined  by  
P (x )  =  W 1 ( x ) P 1 ( x )  +  W 2 ( x ) P 2 (x )                                  (2.9) 
whe re   a r e  C2,1i,RIp:iw =→Ω 2  f unc t i ons  such  t ha t  
 .2,1j,0)s(e)2w1w(
iand1)s(e)2w1w( pp ==+∂=+                 (2.10) 
T h e n  a  s u f f i c i e n t  c o n d i t i o n  t h a t  p  a n d  q  h a v e  a   j o i n  i s  t h a t  2GC
V 1 ( s )   V≡ 2 ( s ) .  
The  p roo f  o f  t h i s  p ropos i t i on  i s  s t r a i gh t  f o rwa rd  s i nc e  i t  i s  r e a d i l y  s hown  
t h a t  
)),s(qe(q))s(pe(p =  





∂=∂                                                              
)),s(2W)s(2w)s(1W)s(1w()s(eq q +∂+  
 
whe re   and  ))s(qe(iw)s(iw = )s(2V)s(1V)s(V ≡≡ .  T h e  e s s e n t i a l  p o i n t  t o  n o t e  
i n  P r o p o s i t i o n  3  i s  t h a t  w e  h a v e  a s s u me d  t h e  p a r t i c u l a r  c a s e  w h e r e   )s(2V)s(1V ≡
a n d  h e n c e  t h a t   and  q ,  i=1 ,2 ,  have  ip i d e n t i c a l  GC
1  j o i n s .  
 
3 .  The  Po lygona l  Pa t ch  P rob l em
L e t  ,  i=0 , . . . , n -1 ,  f o rm a  Ciq
2  p a r a me t r i c  c o n t i n u o u s  r e c t a n g u l a r  p a t c h  
c o mpl e x  a r o u n d  a n  n - s i d e d  h o l e .  M o r e  s p e c i f i c a l l y ,  l e t   3RI]1,0[]2,0[:iq →×
b e  s u c h  t h a t
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                                       ,2,1,0j,1t)t,s(iqjt
j
:)1,s(iqj,0 ==∂
∂=∂                                                                       (3.1)                                                                                                              
d e f i n e s  t h e  b o u n d a r y  d a t a  a l o n g  t h e  i ’ t h  s e g m e n t  o f  t h e  h o l e  f o r  ,1s0 ≤≤  
s e e  F i g u r e  1 .  ( I n  p r a c t i c e ,  e a c h  q  ma y  c o n s i s t  o f  a  s u b - c o mpl e x  o f  r e c t a n g u l a r  i
pa tches  bu t  fo r  desc r ip t ive  purposes  i t  i s  conven ien t  to  represen t  th i s  a s  one  
p a r a m e t r i c  s u r f a c e . )  
 






W e  a s s u m e  t h a t  t h e  p a t c h e s  ,  i  =  0 , . . . ,  n - 1 ,  f o r m   p a r a m e t r i c a l l y  iq
2Ca
cont inuous  pa tch  complex  in  the  sense  tha t  the  composed  map 







i s  C 2  c o n t i n u o u s  ( i . e .  p a r a me t r i c a l l y  )  f o r  a l l  i = 0 , . . . , n - 1 .  I n  ma n y  p r a c t i c a l  2C
a pp l i c a t i ons  the composed map wil l  a lso be  cont inuous and,  for  s implici ty ,  2,2C
w e  a s s u m e  t h i s  c a s e  h e r e .   I n  p a r t i c u l a r ,   c o n t i n u i t y  o f  t h e  c o m p o s e d  2,2C





<<−∂−=∂            (3. 3) 
L e t   b e  a n  n - s i d e d  p o l y g o n  w i t h  s i d e s  o f  l e n g t h  u n i t y ,  c e n t r e  t h e  2p RI⊂Ω
or ig in  0 ,  ver t ices  X ,  i=0 , . . . ,n -1  and  edges  ,  i  =0 , . . . ,n -1 ,  parameter ized  by  i iE
.1isXiX)s1()s(iE ++−=       (3.4) 
         The n ,  fo l lowing the approach of  [Charrot  and Gregory '84] ,  our  polygonal  







= ∑     (3.5) 
whe re   i s  a  p a r a me t r i c  s u r f a c e  p a t c h  i n t e r p o l a n t  w h i c h  w i l l  b e  3pi RI:p →Ω
c o n s t r u c t e d  such that  i t  has   joins  with  a long the edge  and q  along 2GC 1i− 1i− iq E
t h e  e d g e  .  iE







∑                                    (3.6) 
and  
.1n,...,0k,1i,ikfor,2,1,0j,0iEkw
j −=+≠==∂                            (3.7) 
T h u s ,  t o  i n v e s t i g a t e  t h e  G C 2  j o in  o f  p  w i th   a l o n g  t h e  e d g e  ,  we  ma y  iq iE
w r i t e  p  i n  t h e  fo r m 
)x(ir)x(1ip)x(1iw)x(ip)x(iw)x(p ++++=                                 (3.8) 
whe re  
.2,1,0j,0iEir
j ==∂                                          (3.9) 
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N o w   a n d   w i l l  e a c h  h a v e   j o i n s  w i t h  t h e  p a t c h   a l o n g  t h e  e d g e   ip 1ip +
2GC iq iE
a n d  i f  t h e   j o i n s  a r e  c h o s e n  t o  b e  i d e n t i c a l ,  t h e n ,  b y  P r o p o s i t i o n  3 ,  t h e  1GC
c o n v e x  c o m b i n a t i o n  p a t c h  p  w i l l  h a v e  a  G C 2  j o i n  w i t h  t h e  r e c t a n g u l a r  p a t c h  
c o m p l e x .  W e  a r e  t h u s  c o n c e r n e d  w i t h  c o n s t r u c t i n g  t h e  c o m p o n e n t  p a t c h e s  
3
pi RI:p →Ω t o  s a t i s f y  s u c h  s p e c i a l  G C 2  c o n d i t i o n s .  T h i s  c o n s t r u c t i o n  i n v o l v e s  
t h e  u s e  o f  c o o r d i n a t e  s y s t e m s  ( " c o o r d i n a t e  c h a r t s " ) ( ,  i = 0 , . . . , n - 1 ,  )t,s ii
d e f i n e d  in the following section. 
4. Coordinate Charts for Interpolation
Let  be the point of intersection of the boundary segments  and .  iZ 1iE − 1iE +
Then 
iZ/iZ,xiX:)x(id >−<=                                                (4.1) 
is the perpendicular distance of  from the side ,  where px Ω∈ iE
<x,y> : = x1y1 +x2y2                                                                   (4.2) 
is t h e  E u c l i d e a n  s c a l a r  p r o d u c t  o f   a n d   221 RI)x,x(x ∈= .RI)y,y(y 221 ∈=
C o o r d i n a t e  charts are then defined by 
        
















−                               (4.3)  
 
The coordinate chart  corresponds to central projections from  and iφ iZ
1iZ − .  T h u s   i s  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  l i n e  f r o m   t o  x  )s(E ii iZ
w i t h  t h e  e d g e   a n d   is the intersection of the line from  to x with iE )t1(E i1i −− 1iZ −
 see Figure 1. The interpolants will  be constructed as 3pi RI:p →Ω1iE −
 
,x)),x(t),x(s(p)x(p)x(p piiiiii Ω∈=φ= o                                                (4.4) 
 
where is chosen to have GC32i RI]1,0[:p → 2 joins with  on =0 and  iq it 1iq −
on = 0. GCis
2 continuity of  with  and  is then guaranteed, since  ip iq 1iq − ip
is related to  through the coordinate chart diffeomorphism ip iφ  (see Proposition 1).  
T h e  e x p l i c i t  c o n s t r u c t i o n  o f   ( a n d  h e n c e )  i s  g i v e n  i n  t h e  n e x t  s e c t i o n .  ip ip
H o w e v e r ,  i n  o r d e r  to make use of Proposition 3, we first  relate the derivative 
of  along the direction  with the appropriate derivative iii pp φ= o ii Z)s(E −






The chain rule gives 




∂=−φ∂                                             (4.6)   
After some calculation, which for brevity is omitted, we obtain 
])c2)1t(s2c4/[t,s())iZ)s(iE(t)s(iE(i ++=−+φ                                                     (4.7)  
where 
 
)n/2cos(c = π .                                              (4.8)
  
Hence 
                 ),1,0()0,s(ip)s(
1)iZ)s(iE()s(Eip i ∂γ=−∂                                                          (4.9)   
where 
.c2s2c4)s( +=γ                                                                             (4.10)   
Similarly 
                                            







    I t  should be noted that  (4 .9)  and (4.11)  descr ibe the fact  that  dif ferent ia t ion 
along the direct ion (0 ,1)  in  the coordinate  char t  iφ   corresponds,  with  appro-  
p r i a t e  s c a l i n g ,  t o  d i f f e r e n t i a t i o n  a l o n g  ( 1 , 0 )  i n  t h e  c o o r d i n a t e  c h a r t  .  1i+φ
I t  i s  t h i s  o b s e r v a t i o n  t h a t  a l l o w s  u s  t o  ma k e  u s e  o f  P r o p o s i t i o n  3 .  
5. The Polygonal Patch Interpolant
    We  a s s ume   p a r a me t r i c  c o n t i n u i t y  o f  t h e  r e c t a n g u l a r  p a t c h  c o mpl e x  2,2C
,  i  =  0 , . . . , n - 1 ,  ( s e e  S e c t i o n  3 )  a n d  d e f i n e   b y  t h e  B o o l e a n  32i RI]1,0[:p →iq

















β+ ∑                          












                                                  (5.1) 
-8- 
 
Here, β  is to be a strictly positive function chosen such that iipip φ= o  





,1)0( =β=β=β       (5.2) 
and then  has the interpolation properties: ip
,2,1,0j),1,t1(1iqj,0)t(
j)t,0(ip0,j =−−∂β=∂      (5.3) 
.2,1,0j),1,s(iqj,0)s(
j)0,s(ipj,0 =∂β=∂       (5.4) 
T h e  c o n d i t i o n s  ( 5 . 3 )  a n d  ( 5 . 4 )  m e a n  t h a t  iii pp φ= o  j o i n s   a n d   iq 1iq −
w i t h c o n t i n u i t y .  W e  n o w  s h o w  t h a t  2GC β  c a n  b e  c h o s e n  s o  t h a t  t h e  G C 1  j o i n s  
a r e  ident ica l  and  hence ,  by  Propos i t ion  3 ,   p wi l l  have  a  GC 2  jo in  wi th  the  rec tangular  
pa tch  complex .  
F r o m ( 4 . 9 ) ,  ( 4 . 1 1 )  a n d  t h e  i n t e r p o l a t i o n  p r o p e r t i e s  ( 5 . 3 ) ,  ( 5 . 4 )  w e  
O b t a i n  




                                        )1,s(iq1,0)s1(
)s1()Z)s(E()s(iE1ip ii ∂−γ
−β=−+∂   
T h u s ,  f o r  a n  i d e n t i c a l  G C 1  j o i n ,  w e  r e q u i r e  t h a t  
 
),s1(/)s1()s(/)s( −γ−β=γβ               (5.5) 
w h e r e  
.c2s2c4)s( +=γ       (5.6) 
Hence 
)s(/)s()s( αγ=β       (5.7) 
s a y ,  w h e r e  f r o m ( 5 . 2 ) ,  ( 5 . 5 ) ,  a n d  ( 5 . 6 ) ,  )s(α  mus t  b e  c h o s e n  s u c h  





,c2)0( =α=α=α  
Q u i n t i c  H e r mi t e  i n t e r p o l a t i o n  t h e n  p r o v i d e s  t h e  
d e f i n i t i o n  
( ) ,c2s3s24s2c4s +⎟⎠⎞⎜⎝⎛ +−=α      (5. 8) 
t h i s  b e i n g  a  p o s i t i v e  c o n c a v e  f u n c t i o n  o n  10 ≤≤ s .  T h i s  t o g e t h e r  w i t h  
( 5 . 7 )  a n d  ( 5 . 6 )  d e f i n e s  a n  a p p r o p r i a t e  function )s(β . 








=      (5.9) 
w h e r e   i s  d e f i n e d  b y  ( 5 . 1 )  a n d  t h e  c o o r d i n a t e s   a r e  d e f i n e d  i iip ))x(t),x(s(
b y  ( 4 . 3 ) .  A n  a p p r o p r i a t e  d e f i n i t i o n  o f  t h e  w e i g h t i n g  f u n c t i o n s  i s  
 












6.   Shape Control
E q u a t i o n s  ( 5 . 7 )  a n d  ( 5 . 8 )  p r o v i d e  o n e  o f  i n f i n i t e l y  ma n y  p o s s i b l e  
d e f i n i t i o n s  f o r  t h e  s c a l i n g  f u n c t i o n  ).s(/)s()s( αγ=β  Defining 
,3)s1(3si)s(iwhere),s(i/)s()s(i −ν=ααγ=β      (6.1) 
p r o v i d e s  a  me t h o d  o f  s h a p e  c o n t r o l  a c r o s s  t h e  b o u n d a r i e s  ,  f o r  g i v e n  r e a l  iE
p a r a me t e r s  .  T h e  t e r ms  β ( t ) a n d  β ( s )  i n  ( 5 . 1 )  mus t  t h e n  b e  r e p l a c e d  b y   iν )t(β 1i−
and  respectively. )s(βi
A n o t h e r  p o s s i b i l i t y  f o r  s h a p e  c o n t r o l  s u g g e s t e d  i n  [ G r e g o r y  a n d  H a h n  ‘ 8 7 ]  
is to add a term of the form 
 





id)x(r                                                                          (6.2) 
t o  t h e  p o l y g o n a l  p a t c h  i n t e r p o l a n t  p .  T h i s  t e r m w i l l  n o t  a f f e c t  t h e   2GC
c o n t i n u i t y  a l o n g  t h e  b o u n d a r y  a n d  r ( x )  ma y  t h u s  b e  u s e d  t o  c o n t r o l  t h e  s h a p e  
o f  t h e  p o l y g o n a l  p a t c h  i n t e r i o r .  
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